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Lyapunov’s center theorem relative to the existence of families of periodic 
orbits emanating from an equilibrium is generalized to cases where a resonance 
occurs between two basic frequencies. Analytical Hamiltonian systems are 
considered and the theorems depend on the nonannulation of an invariant of 
the system. 
The proof is performed in two steps. In a first step the theorems are shown 
to be valid for some approximation of the Hamiltonian system. These results 
are described in a previous paper (Henrard, 1970) and are only summarized 
here. In a second step Poincare’s perturbation theorem is generalized in order to 
transfer to the original system the conclusions relatives to its approximations. 
In the conclusion, our results are compared with similar results published 
recently. 
1. INTRODUCTION 
Let us consider a dynamical system with TZ degrees of freedom described by 
a real analytical Hamiltonian 
H(x, , x2 ,--*, 32%). 
We assume that the origin (xJ = 0 of the phase space is an elliptic equilibrium 
whose characteristic exponents, XI ,..., X, , --h, ,..., --h, are distinct. A well 
known theorem of Lyapunov states that if X, is imaginary and none of the 
ratios, 
&A (2 < i d 4, (2) 
is an integer, there exists a natural family of periodic orbits emanating from 
the equilibrium whose period is at the origin 
Our aim is to generalize this theorem to a generic class of Hamiltonian 
systems for which one of the ratios (2) is an integer. For convenience in 
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notations, we restrict our attention to systems with two degrees of freedom; 
the generalization to higher dimensional systems being straightforward. 
Hence we consider the dynamical system generated by the real analytical 
Hamiltonian function 
fel > x2 , x3 , %). (4) 
The origin (xi) = 0 of the phase space is an elliptic equilibrium with 
characteristic exponents iw, , iw, , --iw, , --iw, (wr and w2 being real) and 
the basic frequencies wr and w2 are in resonance 
qw1+ fJJ2 = 0. (5) 
We shall refer to the absolute value of the integer q (I q 1 > 2) as the resonance 
number. 
We investigate the existence of natural families of periodic orbits emanating 
from the equilibrium with the period Tr N 27r/wr . (By a natural family we 
mean an analytical one parameter family of periodic orbits for which the 
nontrivial characteristic exponent is not identically zero). They will be called 
“long period families” because their period is obviously longer than the 
period Tz 3r’ 2rr/w2 of another family (the short period family) the existence 
of which is a consequence of Lyapunov’s theorem. 
As we shall see, the number of long period families depends on an invariant 
R of the Hamiltonian system under the group of canonical transformations. 
Hence we introduce the following classification of the equilibriums under 
consideration. 
DEFINITION. The resonant equilibrium of system (4) is said to be of 
class I (resp. of class II, class III) if the invariant R is equal to zero (resp. larger 
than zero, smaller than zero). 
The invariant R will be defined in Section 2 as a polynomial (not identically 
zero) in a finite number of the coefficients in the expansion of H(xJ. A 
resonant equilibrium is, thus, generically of class II or III. 
We shall prove the following theorems. 
PROPOSITION 1. Let the resonance number be 2. Then from a resonant 
equilibrium of class II (resp. of cla-ss III) there emanates no natural long period 
family (resp. two natural long period families). In the second case the natural long 
period orbits are of the stable type. 
PROPOSITION 2. Let the resonance number be larger than 2. Then from a 
resonant equilibrium of class II (resp. of class III) there emanates one natural long 
period family (resp. three natural long period families). ?Vhen the resonance 
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number is larger than 3, one family is always of the stable type and from the 
other two, when they exist, one is stable and the other one unstable. 
In the case where the resonance between the basic frequencies is sub- 
harmonic, i.e., when 
(with p and 4 relatively prime, ) q 1 > j p ( > 1). Lyapunov theorem insures 
the existence of a short and a long period family. Their period are respectively 
close to 2rr/wr and 24.0, . 
Defining again an invariant R of the Hamiltonian system under the group 
of canonical transformations and assuming that it is not zero we can discuss 
the existence of families of periodic orbits of very long period, i.e., with 
period close to T = 2q?r/wz = 2pr+~, . With the same definition for the 
class of a resonant equilibrium we have the following. 
PROPOSITION 3. From a resonant equilibrium (in the sense of resonance 
between subharmonics) of class II (resp. of class III) there emanates no natural 
very long period family (resp. two natural very long period families). When two 
families exist, one is stable and the other one unstable. 
2. FORMAL ASPECT 
Recently [7] we have discussed the existence and the evolution of long 
period families for the normalized approximations of a resonant Hamiltonian 
system. We shall summarize in this section the results of that discussion 
which are relevant to our theorems. 
A normalized approximation of order n (n > 1 q 1 + 1) to a resonant 
Hamiltonian system is defined by the truncation at order n of the BirkhofI’s 
normalization procedure. Thus, the Hamiltonian function H(xi) is decom- 
posed into a function P(x,) which we call the normalized approximation of 
order n and a perturbation P(x,.) the expansion of which begins with terms 
of degree (n + 1) in the phase variables 
H(xJ = II” + P”(xJ. (7) 
The normalized approximation Hn(xi) has the property that there exists a 
canonical transformation T” from the phase space (xi) to a phase space 
($r , +z , I1 , Is) of angles and actions such that Hn(xi) is transformed into 
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where # is the resonant angle 
4 = 4+1+ P$2 * (9) 
By defining the basic frequencies wi and w2 as merely real, we left an 
ambiguity about their signs. But by writing the first terms of K”(& , Ii) as 
4 + w2Iz , we assume now that these signs have been choosen in a way 
consistent with the signature of the quadratic form H formed by the homo- 
geneous part of degree two in the expansion of H(zc,). Therefore, assuming 
that wr and p are positive the signs of wa and thus of q are unambiguously 
defined by the normalization procedure. Other invariants of the Hamiltonian 
system generated by H(xJ can be defined in the same way. Indeed the terms 
of lowest degree in the expansion of the analytical functions KY) and Kp) 
can be written 
El = &4112 + 2BIJ2 + CIZ], (10) 
K2 =I!~‘l,lg’[Dcos~+esin~l. (11) 
Except when 1 p 1 = 1 and 1 q 1 = 2, the coefficients A, B, C, G2 = D2 + E2 
do not depend on the particular canonical transformation Tn used in defining 
them. Hence, they are invariants of the Hamiltonian system in the neigh- 
borhood of the equilibrium. When p = 1 and 1 q 1 = 2, it is G2 = D2 + E2 
alone which is an invariant. 
These invariants, in turn, enable us to define the invariant R announced 
in the introduction by means of the following formulas: 
When p = 1, j q 1 = 2; R = qG2. 
Whenp=1,~q~=3;R=lP(x)~Q~G2, 
whereQ = [(27G2/4)(C - Aq2) + 2(B + Aq)3]2 - 4[(B + Aq)2 - (q3/4) G213 
and where n(x) is the product of the values of 
p(x) = 2(qA + B) x3 + (q3G/-\/2) x2 + (2q2A + 5qB + 3C)x + 27G/2 & 
at the real roots of 
s(x) = -$ x3 + (qA + B) x2 + $$s+$(qB+C) 
Whenp=1,jqI>3;R=G2(qA+B)(qB+C)(Aq2+2qB+C)2. 
When p > 1, I q I > 2; R = Q(qA + pB)(qB + pC)(Aq2+2qpB+Cp2)2. 
The Hamiltonian system described by (7) can easily be reduced to a system 
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with one degree of freedom plus a quadrature by the canonical transformation: 
v = mpsin #; u = apcos*; 
(12) 
0 = $1; J = 1; - (Q/P) 4 - 
Indeed the angle 0 is ignorable and thus the momentum J is an integral. 
Accordingly, we define a reduced Hamiltonian system with one degree of 
freedom described by the Hamiltonian L(u, v, j) depending on a parameter J. 
The Hamiltonian L is the transform of (8) by (12). 
Provided that the invariant R is not zero we have shown in our previous 
paper that there is a one to one correspondance between the natural families 
of periodic orbits emanating from the equilibrium for the normalized system 
H”(xJ and the equilibriums of the reduced system in the phase space (u, v) as 
parametrized by the integral J. One of this equilibrium is easily recognized 
as the short period family of Lyapunov. In the case of resonance between 
subharmonics, another one is recognized as the long period family. The 
others correspond to long period families or to very long period families. 
When p = 1 and 4 is larger than 2, (resp. equal to 2) these later equilibriums 
of the reduced system are given by the real roots of a third degree polynominal 
(resp. second degree polynomial) in u whose coefficients are analytical 
functions of J1lz. The number of real roots of this polynomial is precisely 
given by the sign of R. 
We have shown also how to compute the characteristics exponents of the 
equilibria of L(u, v, J). Under the hypothesis that R does not vanishes, they 
are not zero except at the origin. A classification of the corresponding families 
of periodic orbits according to their stability characteristic follows easily. 
We must mention here that the analysis was not carried out completely for 
the case j Q 1 = 3 in our previous paper. In the case of strict resonance 
(qwr + wa = 0) which we consider here, the number of equilibria ofL(u, v, J) 
is easily obtained. The condition that their characteristic exponents do not 
vanish identically is extracted from formula (83) of our previous paper and 
give rise to the factor nz(x) in our expression for R. The existence of one or 
three branches of periodic orbits of long period according to the sign of the 
invariant R can also be found implicitely in Roels [12] and Alfriend [2]. The 
classification of these families according to their stability characteristic is 
more involved and was not attempted. 
Thus, the propositions stated in the introduction are verified by the 
normalized approximation H”(xJ of the Hamiltonian function H(x$). Each of 
the long period families or very long period families under consideration can 
be represented in a neighborhood of the equilibrium by the real analytical 
function 
%a(% t) for / E / < 6,) (13) 
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where x,,(E, t) does not vanish at the origin. The nontrivial characteristic 
multipliers of these periodic orbits of period F(E) are of the form 
1 + hL(g, 1 + 8%(4, (14) 
where OL,(E) and /In(e) d o not vanish at the origin and k is an integer greater 
than or equal to one. We mention here that the coefficients of the leading 
terms in the expansion of x,(E, t), TJE), Oar, /~JE) with respect to E is a 
function of the invariants A, B, C, G2. Hence, they do not depend on the 
order n of the normalization or on the particular normalizing transformation 
used. 
We will show in the next section that the nontrivial characteristic multipliers 
of the periodic orbits of the original Hamiltonian system differs from those 
relative to the approximation Hn(x) by terms of order greater than @. Hence, 
the perturbation is too small to bring them from the real axis to the unit 
circle or vice versa. As a consequence, the results of our previous paper 
relative to the stability of the periodic orbits of the normalized approximations 
are valid also for the original system. 
3. CONVERGENCE PROOF 
That the natural long period families of the normalized approximation 
IIn(x,) subsist for the original system described by the full Hamiltonian II&) 
is a consequence of the following extension of Poincare’s perturbation theorem. 
As these families of periodic orbits are analytical, their representation in formal 
power series obtained by letting the order n of their normalized approximation 
go to infinity do converge. 
The same extension of Poincare’s theorem shows that any analytical natural 
families of periodic orbits emanating from the equilibrium in the original 
Hamiltonian system can by continued in a family for the normalized approxi- 
mations F(xi) with tl large enough. As we know that the families we just 
described are the only families emanating from the equilibrium for these 
approximations, we conclude that our description is complete and that no 
other natural family of long or very long period exists, in the full Hamiltonian 
system. 
Let 
.2 =f(x) (15) 
be an analytical system of differential equations in a neighborhood U of the 
origin of Rd. The origin is an equilibrium (i.e., f(0) = 0) and the system (15) 
admits an analytical integral I(X) whose gradient is not zero in U except 
may be at the origin. 
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Let 
Y(C 4 = ~“7lk 4 (m >, 1) (16) 
be for 1 E 1 < S an analytical family of periodic solutions in U emanating from 
the equilibrium when E = 0. The period T(e) and the multipliers 
(1, 1, 1 + E%(E), 1 + +/3(e)) of the orbits are analytical functions of E for 
1 E 1 < 6. We assume that k, and k, are positive integer and that at the origin 
we have 
In summary, we have a genuine natural family (16) of periodic orbits 
emanating from the equilibrium of system (15). It follows immediately that, 
with a change of the initial time if need be, we have 
and q(O, 0) - W) 40,O) f 0. (18) 
Indeed, these quantities can not by identically zero on any interval of t. 
Furthermore we observe that the derivative of I(E) = I(y(t, e)) is not 
identically zero because it would follow that at least three multipliers would 
be equal to 1 [8]. Hence, there exists an integer n such that I(E) = E~P(E) 
withP(0) # 0. 
Now let us consider a perturbation of system (15) 
* = f(x) + g(x), (1% 
where g(x) is an analytical vector function in U whose expansion in powers 
of xi starts with terms of degree N > 1. The perturbed system (19) admits 
also an integral J(x) in U with 
JW = &4 + I*(x), (20) 
where the expansion of I*(x) in powers of xz starts with terms of degree 
N* > 2. We assume that N and N* are large enough so that 
mN > 2(k, + A, + 1) + m, 
mN > n - m + (S + A, + I), (21) 
mN*>n. 
We shall prove the following. 
Extension of Poincar&s pwturbatim theorem. Under the hypothesis just 
described, there exists an analytical family of periodic orbits emanating from 
the equilibrium of the perturbed system (19). More precisely, for 1 E 1 < 6*, 
the analytical function 
Y(t, 4 = r(t, 4 + @Y*(t, cl (22) 
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(withp=mN--((K,+K,+ 1) > ) m is a periodic solution of (19) with the 
period 
S(E) = T(c) + CUT*(E) (23) 
(with Y = p - m > 0). 
Furthermore the characteristic multipliers of the perturbed periodic 
orbits (22) differs from those of (16) by at most terms of the order of &fkzfl. 
We observe first that ay(t, B)/& and ay(t, E)/& are solutions of the 
variational equations 
3 = A(t)x with 4) = (~flWz=dt..) - (24) 
Hence, if R(t, l ) is the resolvent matrix of (24), solution of A = A(t)R with 
R(0, 6) = 1, , we have 
(25) 
where E = $(O, e)/at and 5 = G--m ay(O, E)/&. 
Let us take 8 and 5 as two of the basis vector of R4 by an analytical change 
of coordinates. The resolvent R evaluated at T(E) becomes 
where 
8T 
B(e)= l EaE. ( 1 0 1 
(26) 
(27) 
The multipliers of D(r) are 1 + AX(E) and 1 + &/I(C). 
Now substituting (22) into the differential equations (19) we obtain a 
system of differential equations for y*(t, C) of the form 
j* = A(t)y* + 21+ka+1g*(y*, t, E), (28) 
where g*(y*, t, E) is analytic in a neighborhood of the origin; from (28) it 
follows that 
y*(T(e), 6) = R(T(+ c)y*(O, <) + U(E”‘+‘~+~). (29) 
For Y(t, l ) to be periodic of period S(E) we must have Y(S(E), e) = Y(0, C) 
or by substitution of (29): 
[R(T(c), c) - I41 y*(O, 6) + T*(E) . 5 = 6+k’+“s+1). (30) 
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The determinant of (D(E) - la) is equal to &+%x(e) . F(C). Thus, by taking 
A*@, 4 = Yz”(O, 4 = 0, we can solve the first and the last two equations of 
(30) for T*(E), ys*(O, E) and y4*(0, E) analytically in E for 1 E 1 < 6*. 
Substituting the result into the second equation we obtain an identity in 
virtue of the integral J(X). Indeed f or E # 0, but small enough, the gradient 
of this integral evaluated at Y(0, ) E is not orthogonal to 1; because 
5 * (aJ/q,=Y(,,E) = .~n-m+l[qo) + q41. (31) 
Furthermore, one checks easily that the variational equations of the 
perturbed system 
f = A’(t)x with W) = WW(f + dla!=Y(tx) (32) 
differs from the variational equations of (16) at most by terms of the order of 
~~l+~e+l. Hence the same is true for their resolvant matrices evaluated 
respectively at S(E) and T(E) and, th us, for the characteristic multipliers of (22) 
and (16). 
CONCLUSION 
The motivations for studying the existence and the behavior of long 
(or very long) period families in case of resonance come mainly from the 
restricted problem of three bodies. In this problem the basic frequencies w1 
and w2 depend on a parameter (the mass ratio) and by varying it, all resonance 
with p .q > 0 can be obtained. The value of TV at which a resonance occurs is 
usually noted tcqlg .
In a series of papers, Roels [12-141 produced numerically formal power 
series for one long period family at pa and for three long period families at pA . 
He showed also that the same technique would likely produce one long period 
family at pQ (Q >, 4). 
Later [15, 161, he stated his theorem for a general analytical Hamiltonian 
system and proposed a convergence proof for the power series. In this way, 
he established the existence of one long period family for 1 4 1 2 4 and of 
one or three of them (according to the number of roots of a cubic equation) 
for 1 4 ( = 3. These results are valid only if some quantity Iz’ does not vanish. 
In the first case (1 Q 1 > 4) this quantity is in our notation equal to (B + q/l), 
one of the factor of our invariant R. In the second case (I 4 1 = 3) no com- 
parison can be made as the analytical expression for R’ is not given by Roels 
who states only that it is a “rather complicated expression.” 
For 1 4 ] > 4, the same result was obtained by Palmore [l l] and Meyer and 
Schmidt [lo] by a technique similar to the one we use here. Furthermore, 
always for 1 4 1 > 4, Meyer and Palmore [9] established that either a full 
440 HENRARD 
torus or at least two additional families of long period orbits emanate from 
the equilibrium whenever 
R” = (qA + B)(qB + C)(q2A + 2qB + C)2 < 0. 
Note that our invariant R differs from R” only by the appearance of a factor G2. 
The application of this theorem to the restricted problem is straightforward 
in view of the results of Deprit and Deprit [3]. 
We observe that neither Roels’s nor Palmore and Meyer’s proof give 
analyticity of the family at the origin as ours does. This is only a technical 
matter due to the fact that Roels uses a different parametrization of the family 
and that Palmore and Meyer scale the Hamiltonian function. 
More important in our eyes is the fact that we obtain a complete description 
of the families of periodic orbits emanating from the equilibrium. This is 
the reason why the condition R # 0 we impose on the Hamiltonian system is 
stronger. As a matter of fact Roels and Meyer and Palmore’s first result 
(plus analyticity at the origin) can be obtained easily by using our general- 
ization of the Poincare’s theorem. On the other hand, the added assumption 
that G # 0, enable us to decide for one branch of the alternative in Meyer and 
Palmore’s second theorem and also to insure that there are exactly three 
(resp. one) natural long period families when R < 0 (resp. R > 0). 
The second theorem of Meyer and Palmore is valid also in case of resonance 
between subharmonics. In this case it establishes the existence of either a full 
torus or at least two very long period families whenever 
R” = (qA + pB)(qB + N’)(q2A + 2qpB + p2CJ2 < 0. 
The remark we just made about the comparison of Meyer and Palmore result 
and ours applies here also. 
To obtain a precise description of the long period families in case of 
resonance seems to us especially important in view of the possible application 
to the global structure of Lyapunov families. There is ample evidence, 
analytical as well as numerical, (Palmore [ll], Meyer and Palmore [9], 
Henrard [7, 81, and Deprit and Henrard [6]) that in the restricted problem 
the evolution of the global structure of Lyapunov families is not continuous 
in ~1. The resonance value p* for instance appears to be bifurcation values 
through which Lyapunov long period family is exchanged for another family. 
More precisely Lyapunov long period family for p > /-Lo is not a continuation 
of the Lyapunov long period family for p < pg. 
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